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Abstract. First, we systemize ealier results the uniform persistence for dis- 
crete model An+i = AnF{An-m.) of population growth, where F : (0, oo) — >• 
(0, oo) is continuous and strictly decreasing. Second, we investigation the 
effect of delay m when F is not monotone. We are mainly using cj-limit set 
of persistent solution, which is discussed in more general by P. Walters, 1982. 
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1. Introduction 



Recently, several authors (Graef et al 1998, 2006, Liz 2007, Tkachenko et 
al 2006) study the model 

An+1 = ArrF{An^m), n = 0, 1, • • • , (1.1) 

where F : (0, oo) — > (0, oo) is continuous and strictly decreasing. They 
assume that there is a unique positive equilibrium x of (11. ip . Clearly, F{x) = 
1. We say that x is globally attractive if all solution of (II. ip convergence to 
X as n — )• oo. Graef et al (1998) investigate the bobwhite quail population 
with 

F{x)=a + -^. 
^ ^ l + x"- 

They prove that if 



2a + 13 + 2^/a'^ + a/3 3m + 4 
^ ^ P 2(m + l)2' 

then 

la + (3 -1 

X 



1 — a 

is global attractive. Liz (2007) improves this result. More exactly, the equi- 
librium X is globally attractive if 

P 3m + 4 

r < 



(a + /3-l)(l-a)2(m + l)2 
If m = this result is sharp. 

2. The Persistence 

In this section we assume F : (0, oo) — )■ (0, oo) is continuous only. A 
positive solution {y4„}J^_„ is called persistent if 

< lim inf An ^ lim sup An < oo. 
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The following theorem gives a sufficient condition for persistent (non-extinctive) 
populations. 

Theorem 1. Assume that 

0<F{x)^c<oo (2.1) 

for all X >0 and 

limsupF(a;) < 1, (2.2) 

x—^oo 

liminf F(x) > 1. (2.3) 

x— ^0+0 

Then every solution {^n}5^_m of (l.l) is persistent. 

Proof: First, we prove that {An}5^L-m bounded from above. Assume, 
for the sake of a contradiction, that limsup An = oo. For each integer n > m, 
we define 

kn '■= max{p : —m ^ p ^ n, Ap = max Ai}. 
Observe that k-m ^ k-m+i ^ ■ ■ ■ ^ kn ^ oo and that 

lim Ak„ = oo. (2.4) 

n— )-oo 

Let no > such that kn^ > 0. We have for n > uq, 

Ak„-iF{Ak„-i-m) = Ak„ > Ak„-i 

and therefore. 



F{Ak^_,_n,) > 1. 

By ([52]), this imphes that 

limsup < oo. (2.5) 



n— >-cxD 



On the other hand 



= Ak^_i_mF{Ak„-l-.2m) ■ ■ ■ F{Ak„-l-m) 
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Now take limsup on both sides we have \imsup^_^^ < oo which contra- 
dicts fl2.4l) . Thus, is bounded from above. Let K be an upper 

bound of {An}n=-m ■ 

Next, we prove that hm inf „_>.oo > 0. Assume, for the sake of a con- 
tradiction, that hminf y4„ = 0. For each integer n > m, we define 

Sn '■= max{p : —m ^ p ^ n, Ap = min Ai}. 

Clearly, s_m ^ s^m+i ^ ■ ■ ■ ^ — )■ oo and that 

lim ^„ = 0. (2.6) 

n— >oo 

Let ^0 > such that Sno > 0. We have for n > uq, 

As^ = As„-lF{As„-l-m) > As^F{As^_i_m) 

and therefore. 

By (12. 3p . this implies that 

liminf As^^^i^rn > 0. 

n—>-oo 

On the other hand, 

^s„ = As„-lF{As„-l-m) = ■ ■ ■ 

= ^s„-l-m-^(^s„-l-2m) ' ' ' -^(^s„-l-m) 



> min F(x)] 



m+1 



Now take lim inf as n — )■ oo on both sides we have lim inf „_!.oo > which 
contradicts (12.61) The proof is complete. 

Next, we will use full-limiting sequences to estimate the lim inf and lim sup An. 
Let {A„}J^_^ be a persistent solution of (1.1). Then there are two sequences 
{-Pn}5^L-oo {Qn}'^=-oo Called full limiting sequences satisfying equation 
(1.1) for all = 0, ±1, ±2, ■ ■ ■ such that 

limsup An = Pq, liminf An = Qo, 
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and 

Qo^Pn^Po, Qo<Qn<Po, for all n = 0,±l,±2,--- . 

The existence of these sequences is guaranteed by Giang et al (2005) and 
Walter (1982). It is very convenient to put 

a = ini F{x) and c = supF(x). 

We assume that there is a unique positive equilibrium x of (11. ip and 

< a < 1 = F{x) < c < oo. (2.7) 

The following theorem will give the uniform persistence of the population in 
model (1.1). 



Theorem 2. Assume that (2.1) — (2.3) and {2.7) hold. Then for every 
solution {An}'i^=_jn of (1.1), we have 

xa^^^ < liminf y4„ ^ x ^ limsupA^ < xc™^^ 



Proof: As the above, let {Pn}'^=-oo ^^"^ {Qn}'^=-oo be full time solutions 
of (1.1) with Pq = limsup^^oo A„ and Qq = liminf„_j.oo ^n- We have 



Qo = g-iF(g-i-™) > QoFiQ- 



SO 1 > -F(Q_i_m). Our assumptions assure that F{x) ^ 1 iff a; > x. Hence, 
Q-i-m > 2;, and consequently, Pq > x. On the other hand, 

Qo = Q-lF{Q-l-m) = Q-2F{Q-2-m)F{Q-l-m) = ■ ■ ■ 

= Q.i.mF{Q.i.2m)FiQ.2m) " " " F(Q-i-^) > 

Similarly, 

Po = P^iF{P_^_^) ^ PoF{P_^^^), 

so 1 ^ F{P_i_m)- But our assumptions imply that F{x) > 1 if and only if 
X ^ X. Therefore, P_i_m ^ x. This implies that Qo ^ x. On the other hand, 

Po = P-lF(P-l-™) = P-2P(P-2-n^)P(P-l-n^) = ■ ■ ■ 

= P_l-™P(P-l-2™)i^(P-2„^) ■ ■ ■ i^(P-l-„^) < c"+^X. 
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The proof is now complete. 



3. 3/2-Stabilitiy 

We assume further that 

I lnF(x)| < L\ ln(x/x)| for all x G (0,xc™+^). (3.1) 



Theorem 3. Assume that (2.1) - (2.3), ( [^ and (13^ hold. Suppose 
further that 

(m + -)L < -. 
^ 2' 2 

Then every solution o/(l.l) converges to x. 

Proof: By Theorem 2, every nonoscillated solution converges to x. There- 
fore, without loss of generality we assume that L(m+ |) > 1 and {^n}5^L-m 
is an oscillated solution (if L is small we can enlarger it). This means that 
there is a sequence t„ — )■ oo of integers such that At^ ^ x, At„+i > x and 
t„,+i — tn > 3m for every n = 1, 2, ■ ■ ■ . Let 

Pn > |ln ^ I for every t > tn — 2m. 
' X ' 



Then 



In 



At+i 



At 



In F{A 



t—m I 



< L in 



A 



t—m I 



X 



for all t > ti — m. Let At^ ^ x, with t^, >ti. It follows that 



A 



In— ^ Vlln 

X I 



t=s 



At+1 



^ Lpi(t, + 1 - s) 



for all s G [ti — m,t=^]. Furthermore, 



In- 



A 



t+i 



At 



lnF(A 



t—m ) 



C L In 



A 



t—m I 



^ L^pi{t^+m+l-t) 
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for all t e [ti,t^+m]. First, we prove that 

At 3 1 
lln — I ^ Pi(L(m H — ) ) for all t > ti + m. 



3. 1- 



If this were not so, let 

T = min|t > ti + m : At > x |ln ^| > pi ^L(m + -) — | 
If At, := Ar-(m+i) ^ X then 



3 1 A ^'^'"i 

\PiiL{m + -)--)\ < |ln^|<5^|ln 



A 



t+i 



t=u 



At 



t.+m-[i;] 

^ ^ Lpi+ ^ L^pi{U + m + l-t) 



t=U 



^ Lpi(m + l-[i]) + ipiL2[i]([i] + l) 



This is a contradiction, so we have ^^-(m+i) > Hence, F{AT-{m+i)) < 1 
and consequently, At-i > At- By the minimahty ofT, T — ti-\-m-\-l, and 
we have 



t+i 



t=ti ^ 



ti+m 



ti+m-[i] 

^ ^ Lpi+ ^ LVi(ii + m + 1 -i) 

t=ti+m-[-i]+l 



t=ti 



This is a contradiction, so we have 



At 3 1 

|ln — I ^ pi(L(m + -) — -) for all t > ti + m. 



This result ensures us to choice 

3 1 
P2 = pi(L(m + -) - -). 

Repeat the above argument (with ti and pi replaced by t2 and P2) we have 

Ai 3 1 

\\n — \ ^ p2{L{m -\- -) — -) for all t>t2-\-m. 

By induction on n, we have 

At 3 1 n 

|ln — I ^ Pi (L(m + -) — -)"^ for all i > i„ + m. 
Using the assumption (L(m + |) — |) < 1, we complete the proof. 



Application 

Now consider again the bobwhite quail population. Here, 

We can compute 



Hence, if 

3 2q; + ^ + 2a/q;2 + 3 

"^+2< Jr 2' 

then X is globally attractive. 

Next we consider the equation given by Pielou (1974) 



— 



1 + \An- 



Here 



and 

We can compute 



Xx (3-1 
Hence, if 

3 3{(3 - 1) 
2 2 

then X is globally attractive. 
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